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 MONITORING THE QUALITY LOSS 







Abstract: This paper presents a control chart based on the Taguchi (1986)’s loss function for monitoring the performance of 
a process and its capability in monetary form. The proposed chart monitors the loss due to poor quality to the society. The 
proposed control chart also allows for simultaneously monitoring both changes of the mean and variance. 






Many quality characteristics (Q.Ch.s) are 
expressed in terms of original or derived measurement 
units, like weight, length, pressure etc. for which they 
are called continuous or variable. As normality is a 
usual assumption of control charts with continuous 
Q.Ch.s and independency of mean and variance is a 
basic assumption of normal distribution, separate 
control charts are prepared for monitoring the process 
average and process variation.  
When the distribution of the process Q.Ch.s 
is defined as the normal distribution, we 
conventionally combine the Xഥ control chart and either 
the R or S control chart for monitoring the shift in the 
process mean and the changes in process variance 
(Faraz and Moghadam, 2006).  
However, in process control it is important to 
acknowledge that a process can be in a state of 
statistical control and yet performing poorly if the 
mean of a process characteristic is not equal to the 
target value. For example, assume that a particular 
process characteristic should have a value of 12.0 for 
a product to function optimally, and the process 
appears to be in statistical control with Xന ൌ 13.3 . 
Having plotted points fall within 3-sigma limits is 
simply not good enough when process mean is far 
away from the target value. In traditional quality 
control systems, a product is accepted if its 
measurement meets specification requirements. At this 
stage it is assumed that there is no quality loss in most 
economic models of control and quality losses tend to 
be constant if the product measurements go beyond the 
quality specification limits. 
Taguchi (1986) suggests that any deviation 
from a characteristic’s target value results in a loss. If 
a characteristic’s measurement is the same as the target 
value, the loss is zero. Otherwise, the loss can be 
measured using a quadratic function and actions need 
to be taken to systematically reduce the deviation from 
the target value. Till now, these said control charts 
consider the variation of process parameters only and 
ignore specification limits. Therefore, the only 
information that can be drawn from these charts is 
when detection and correction actions are to be taken. 
Also, process capability studies are further conducted 
to examine whether the process is capable of 
producing high quality products or not. 
Based on Taguchi’s philosophy of social loss 
of quality, there is a loss associated with any variation 
of Q.Ch.s distribution around their target value. 
Therefore, companies not only should manufacture 
Q.Ch.s within specifications, but also should do their 
best to reduce the variability of Q.Ch.s around their 
target values, so that they can raise their 
competitiveness in domestic and international 
markets. According to this approach and customers’ 
view, the in-control status is valuable when it can meet 
customers’ needs. Therefore, in statistical process 
control, to determine whether an in-control state of a 
process satisfies the customer’s needs, process 
capability studies are carried out. In this regard, there 
may be in-control processes that due to low capability 
are not able to meet customers’ needs and hence 
customers’ satisfaction. Thus, the need of having 
control charts that can combine the above two 
approaches arises. Classical control charts should be 
modified so that they include this approach and thus 
force the process to meet customer satisfaction.  
In this paper, we introduce a special control 
chart based on Taguchi’s view of quality and his 
quality loss function. The proposed chart extends 
Taguchi’s philosophy of social loss of quality from 
off-line to on-line activities.   
 
2. The Control chart for monitoring the 
Quality loss function 
 
Based on Taguchi’s philosophy, the social 
loss incurred by a product is associated with any 
variation of a Q.Ch. under study around its target 
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value. This variation which is due to effects of noise 
factors is monitored through a probability distribution. 
So, a reduction of dispersion of the distribution around 
the target value of a Q. Ch. is equivalent to higher 
quality and lower social loss. The Taguchi loss 
function for the Q.Ch X is calculated as follows:  
2)()( TXkXL    (1) 
where k is a positive coefficient, and T is the target 
value. The expected quadratic loss (henceforth, EQL) 
under this loss function (for the i-th sample of size n) 
is given by 
EQL=E(L(X)) =	݇݊ሾߪ௜ଶ ൅ ሺߤ௜ െ ܶሻଶሿ (2) 
If the process parameters are not known, they should 
be estimated based on a sample of size n as follows:  
̂ߤ௜ ൌ തܺ௜ ൌ ଵ௡∑ ݔ௜௝௡௝ୀଵ   (3) 
ߪො௜ଶ ൌ ଵ௡∑ ൫ݔ௜௝ െ തܺ௜൯
ଶ௡௝ୀଵ  (4) 
Hence, At each sampling epoch i ൌ 1,2, …  the 
estimated average quality loss for the ith sample is 
calculated by 
EQL୧ ൌ ݇ ∙ ݊ ∙ ሾߪො௜ଶ ൅ ሺ തܺ௜ െ ܶሻଶሿ  (5) 
where ܺ~ܰሺߤ0, ߪ02ሻ , σෝ୧ଶ  ൌ ሺ௡ିଵሻௌ೔
మ
୬ 	  is the maximum likelihood estimator ሺMLEሻ  of the current process 
variance and μො୧ ൌ Xഥ୧ is the unbiased estimator of the current process mean. 
Note that the EQL due to bias is independent 
from the EQL due to process variation. Suppose the 
specification limits of quality characteristic are USL 
and LSL and it costs A  dollars to repair a non-
conforming item. In this case, the coefficient k can be 
calculated by 2)( LSLUSL
Ak  . 
Figure 1 illustrates Taguchi’s loss function 
given in (1). The loss increases when the process 
deviates from the target value. This is in concordance 
with main principle of the six-sigma approach in which 
the main object is to reduce deviations ( ) from the 
target. 
 
Figure 1. Taguchi loss function and traditional loss function 
 
In the following sections, we establish a control chart 
to monitor the EQL statistic. The distribution of the 
sample loss function  ୉୕୐౟௞ߪ02  follows a central chi-squared distribution with n degrees of freedom (߯௡ଶሻ when the process mean is centered on the target. Thus, 
the (1-α/2)th and α/2th percentiles of this distribution 
can be applied as upper and lower control limits, 
respectively. That is: 
 ሺ1 െ ߙሻ ൌ Pr ൬߯௡,ഀమ
ଶ ൑ ୉୕୐౟୩஢బమ ൑ χ୬,ଵିಉమ
ଶ ൰ 
ൌ Pr ൬݇ߪ଴ଶ ∙ ߯௡,ഀమ
ଶ ൑ EQL୧ ൑ kσ଴ଶ ∙ χ୬,஑ଶ ൰ (6) 
ܮܥܮ ൌ ݇ߪ଴ଶ ∙ ߯௡,ଵିഀమ
ଶ 			; 			UCL ൌ kσ଴ଶ ∙ χ୬,ಉమ
ଶ  (7) 
Since E ቀ ୐౟୩஢బమቁ ൌ n,  
CL ൌ kσ଴ଶ ∙ n  (8) 
The performance of a control chart is 
evaluated by means of its statistical properties. In 
particular, the most widely used measure of 
performance is the ARL (Average Run Length), which 
represents the average number of samples to be taken 
before the control chart signals an out-of-control 
condition (out-of-control ARL) or issues a false alarm 
(in-control ARL). Of course, quality practitioners want 
to implement control charts which immediately react 
to the occurrence of an out-of-control condition (i.e., 
the desired out-of-control ARL should be as small as 
possible); conversely, the expected number of samples 
taken between two successive false alarms issued by 
the control chart should be large, (i.e., the desired in-
control ARL should be as large as possible). The in-
control ARL of the Taguchi control chart is ARL ൌ ଵ஑. To compute the out-of-control ARL  of the Taguchi 
control chart, we assume that only one assignable 
cause occurs to the process and shifts its in-control 
mean μ଴ or increases its standard deviation σ଴. 
If an out-of-control condition occurs to the 







ଶ   (9) 
where the non-centrality parameter ߣ ൌ ݊ߜଶ . The 
probability of Type II error in this case is equal to: 
β ൌ Prሺܮܥܮ ൑ EQL୧ ൑ UCL|λ ൐ 0ሻ (10) 
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If the occurrence of the special cause increases the 
process dispersion from σ଴  to σଵ ൌ τ ∙ σ଴ , then the distribution of the Taguchi control chart statistic 






~χ୬ଶ  (11) 
In this case, the probability of a Type II error is equal 
to: 
ߚ ൌ Pr ൬ ଵఛమ ∙ ߯௡,ഀమ
ଶ ൑ ாொ୐౟୩஢భమ ൑
ଵ
தమ ∙ χ୬,ଵିಉమ
ଶ ฬτ ൐ 1൰     (12) 
The out-of-control ARL of the Taguchi control chart 
in the presence of a shift ሺδ ൐ 0ሻ in the process mean 
or the process standard deviation ሺτ ൐ 1ሻ  can be 
immediately computed as follows: 
ARL ൌ ଵଵିஒ   (13) 
 
3. RESULTS AND DISCUSSION 
 
3.1. The Taguchi Control Chart and Six Sigma   
 
From a manufacturer’s point of view, it is 
always economical to reduce unit-to-unit performance 
variation around the target value even if the products 
are within specification limits. Continuous quality 
improvement and cost reduction are necessary to 
remain competitive. This is taken into account by 
applying Taguchi’s philosophy to Statistical Process 
Control (SPC) while traditional SPC control charts fail 
to do so. 
In six sigma all quality improvement 
activities aim at reducing process variations. The 
proposed chart translates the quality improvement 
activities into monetary forms. For example, assume 
the process mean is on its target value and the process 





























7)(  knknEQLEQL   
This means that by increasing the level of sigma from 
three to four and assuming that the process mean is on 
its target, it is expected that the quality loss decreases 
by 43.75%. 
In spite of this merit, some managers may not 
want to use six sigma until the cost of their poor quality 
products and lost opportunities along with the costs of 
a six sigma implementation are precisely calculated. 
The Taguchi control chart serves as a very useful tool 
to identify and detect processes that need to be 
improved. Reducing the totality of errors in such 
detected processes yields a basic step toward six sigma 
level. The advantages of using Taguchi control charts 
include: (1) encouraging quality as a business mark 
and guideline, (2) prediction of process conformity 
with specifications, (3) helping designers and 
manufacturers to improve and refine processes, (4) 
selecting potential suppliers, (5) facilitating 
performance measurement and improvement 
activities, (5) creating motivational goals, (6) 
expressing the importance of quality problems in 
monetary measures, (7) identifying existing 
opportunities for increasing customers’ satisfaction 
and decreasing the price of products, (8) measuring the 
performance of quality improvement activities, (9) 
evaluating and grading proposed process quality 
improvement projects. 
 
3.2. Illustrative Example 
 
Consider a forging process which produces piston 
rings for an automotive engine. We want to establish 
statistical control of the inside diameter of the rings 
manufactured by this process using a Taguchi control 
chart. The inside diameter X has target value T ൌ
74	mm , specifications limits USL ൌ 74.05	mm  and 
LSL ൌ 73.95	mm . The replacement cost of 
nonconforming piston rings is A଴ ൌ 10	$. Therefore, 





4000 $୫୫మ . Twenty-five samples, each of size n=5, have been taken when the process was in control and 
after data analysis the process variation estimated 
0.0000968. Consider the following new samples 
shown in Table 1. The control limits for the Taguchi 
control chart with at level of α = 0.005 are calculated 
as follows: 
ܷܥܮ ൌ ݇ߪ଴ଶ ∙ ߯ହ,ଵି଴.଴଴ହ/ଶଶ ൌ $7.12	 
ܮܥܮ ൌ ݇ߪ଴ଶ ∙ ߯ହ,଴.଴଴ହ
ଶ
ଶ ൌ $0.12	 
Table 1 shows a set of simulated samples collected 
from the process and the corresponding EQL statistic. 
Samples #1 െ #13 have been generated by assuming 
Nሺ74.001, 0.00984ଶሻ. To simulate the occurrence of 
assignable causes, samples #14 െ #18  have been 
generated from d~Nሺ74.021,0.00984ଶሻ and samples 
#19 െ #23  have been generated from 
Nሺ74.001,0.01476ଶሻ . Figure 2 shows the Taguchi 
control chart for the samples collected in Table 1. 
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Table 1. Samples of ܖ ൌ ૞ measures and corresponding values of the sample EQL for the forging process example 
 
 
Figure 2. The Taguchi control chart for the forging process example 
 
As we recognize, the chart shows an out-of-
control signal for the first time in subgroup 14 which 
indicates an imposed loss of approximately $12. The 
process variation in subgroup 19 goes out of control 
and the Taguchi control chart detects that shift in 
subgroup 21. Hence, from a Taguchi control chart 
point of view, a process is out of control if only the 





In this paper we illustrate how the Taguchi 
loss function can be used as a control chart to monitor 
process loss to the society. In this chart, the process is 
monitored in monetary form, which clearly shows the 
amount of loss that the process is causing at its current 
level. Quality improvement activities then can be 
supervised to reduce the amount of the loss to the final 
customers. Moreover, benchmarking can be applied in 
different companies in order to determine best 
practices which help to reduce loss. The proposed 
control chart forces manufacturers to continuously 
reduce variation in their processes around the target 
value. Moreover, the chart statistic clearly shows that 
reducing process variation is not enough to ensure 
product quality to be consistent and it is also important 
to bring the process mean to its target value in order to 
minimize the loss encountered by society.  
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